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SUMMARY

A non-linear modelling of the Reynolds stresses has been incorporated into a Navier–Stokes solver for
complex three-dimensional geometries. A k–o model, adopting a modelling of the turbulent transport
which is not based on the eddy viscosity, has been written in generalised co-ordinates and solved with a
finite volume approach, using both a GMRES solver and a direct solver for the solution of the linear
systems of equations. An additional term, quadratic in the main strain rate, has been introduced into the
modelling of the Reynolds stresses to the basic Boussinesq’s form; the corresponding constant has been
evaluated through comparison with the experimental data. The computational procedure is implemented
for the flow analysis in a 90° square section bend and the obtained results show that with the non-linear
modelling a much better agreement with the measured data is obtained, both for the velocity and the
pressure. The importance of the convection scheme is also discussed, showing how the effect of the
non-linear correction added to the Reynolds stresses is effectively hidden by the additional numerical
diffusion introduced by a low-order convection scheme as the first-order upwind scheme, thus making the
use of higher order schemes necessary. © 1998 John Wiley & Sons, Ltd.

KEY WORDS: non-linear Reynolds stresses; k–o turbulence model; higher-order convective scheme; pressure correc-
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1. INTRODUCTION

Simple turbulence models are still the most widely used models in the study of turbulent flows
in complex, three-dimensional geometries. In particular, the k–o method, that has been proven
to provide a good balance between computational effort and accuracy of the results, could be
defined as the standard choice for turbulence modelling and is still mostly used in the original
form proposed by Jones and Launder [1] and Launder and Spalding [2]. In many engineering
applications, however, much more approximate algebraic methods, such as the mixing length,
are still widely used, especially for industrial applications.

Recently, second-moment turbulence transport closure has been used in conjunction with
the general non-orthogonal co-ordinate system, as necessary to the study of complex ge-
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ometries [3]. Although it is presumably superior to eddy viscosity models, in three dimensions
this approach requires the solution of six quite complex equations for the transport of the
components of the Reynolds stresses tensor. Additional problems are introduced from the
possibility of decoupling between the velocity field and the Reynolds stresses when using a
collocated grid.

Most researchers prefer to keep the simple formulation of the k–o model while trying to increase
the accuracy by introducing additional terms and/or modifying the value of the modelling
constants in order to take into account the influence of effects such as curvature or rotation.
Empirical observations or simplified analyses of the Reynolds stresses equations are often used
(see, e.g. the review on turbulence models for complex flows from Lakshminarayana [4]).

The present study originated from the necessity of obtaining a k–o model for complex,
three-dimensional flows, that could be used in conjunction with a completely generic formulation
for the Reynolds stresses, and is therefore not based on the linear Boussinesq’s approximation,
as in the standard formulation.

A modified k–o model is obtained using a different approach for the modelling of the turbulent
diffusive transport term, based on formulas proposed by Hanjalic and Launder [5] for the
transport of the Reynolds stresses, instead of the common approach that uses the eddy viscosity
and a turbulent Prandtl number. In the existing literature there has been a relatively limited use
of these formulas, generally in very simplified cases, and never in general non-orthogonal
co-ordinates, to model complex three-dimensional flows using a Navier–Stokes solver. The model
obtained is much less diffusive than the original one and is not any more dependent on
Boussinesq’s assumption; furthermore it can be used in conjunction with different models for
the Reynolds stresses.

A non-linear formulation for the Reynolds stresses has then been tested with this modified
k–o model. Non-linear k–o models that are not based on an eddy viscosity formulation have
been proposed by several authors in the past, notably by Baker and Orzechowski [6] and Speziale
[7], but again, were tested only in very simplified and particular cases. The model adopted in
the present work is both similar to the one proposed by Baker and Orzechowski and a simplified
version of Speziale’s model, the non-linear term being added as a correction to Boussinesq’s
formulation. However, as opposed to the previous models, it has been incorporated into a
completely general Navier–Stokes solver, adopting generalised co-ordinates for arbitrarily shaped
three-dimensional geometries.

2. GOVERNING EQUATIONS

The turbulent diffusive transport of a species f is usually written in accordance with Fick’s law,
as a function of the eddy viscosity mt and of a turbulent Prandtl number sf, as

mt

sf

9f. (1)

Hanjalic and Launder [5] derived, from the study of the transport equations for the Reynolds
stresses, the following expressions (in Cartesian co-ordinates) for the modelling of the turbulent
diffusive transport of k and o, respectively:
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where Cs and Co are closure constants, and t ij
R are the components of the Reynolds stresses

tensor. A k–o model based on these assumptions can be written, in generalised co-ordinates,
as follows:

Momentum equations:
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Transport equation for k :
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Transport equation for o :
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where Co1 and Co2 are closure constants, and the production of turbulence energy is given by
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3. MODELLING OF THE REYNOLDS STRESSES

The k–o method presented in the previous section allows the use of an arbitrary modelling of
the Reynolds stresses. The usual modelling of the Reynolds stresses is based on Boussinesq’s
assumption:
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where mt=Cmrk2/o is the eddy viscosity and the constant Cm is assumed to be a scalar, in the
assumption of isotropic turbulence. This linear relationship between stresses and strain
produces acceptable results for thin shear flows, but fails to determine any form of turbulence
anisotropy. In reality, anisotropy is significant for three-dimensional flows even in plane thin
shear layers, while streamline curvature introduces additional complications, due to the
remarkably strong interaction between curvature strain and the normal stresses [8].

Methods based on the linear modelling (Equation (7)) generally give inaccurate predictions
for the normal Reynolds stresses, and are incapable of properly predicting flows where the
normal Reynolds stresses play an important role, such as in recirculation and secondary flows.
For example, adopting the modelling of Equation (7), it is impossible to predict the presence
of secondary flows in fully developed turbulent flows in a rectangular duct, a physical effect
that has been observed experimentally [9]. Speziale [10] has proven that in order for secondary
flows to occur in a rectangular duct, the axial mean velocity must give rise to a difference in
the transverse normal stresses: txx

R "tyy
R (z being the axial direction), while in this case the

modelling (7) produces txx
R =tyy

R .
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A simple way to overcome the limitations of Boussinesq’s assumption, both in the prediction
of anisotropy and in the sensitivity of the stress components to secondary strains associated
with curvature, is to maintain the basic assumption of the dependence of the Reynolds stresses
on the strain rate tensor, but adopting a non-linear, e.g. quadratic or cubic, relationship.
Several quadratic stress–strain relationships have been proposed in recent years, by Baker and
Orzechowski [6], Speziale [7], Nosizima and Yoshizawa [11], Rubinstein and Barton [12],
Myong and Kasagi [13], and Shih et al. [14]. Craft et al. [15] presented a cubic stress–strain
relationship, claiming that no quadratic form is able to correctly account for the effects of
streamline curvature on the turbulent stresses. It is interesting to note that most of these
formulations are extremely similar, while presenting very different values for the modelling
coefficients (see Reference [15]), depending on the flows that have been chosen to evaluate the
recommended constants. In effect, all the models appear to be calibrated by reference to a
certain number of simple flows, mostly two-dimensional, so that none of the models can
guarantee an accurate resolution of anisotropy for arbitrary, complex three-dimensional flows,
as has been shown in several assessments of turbulence models (e.g. Reference [16]). This
apparent lack of universality, together with the complexity of the formulations proposed so
far, especially if written in generalised co-ordinates, complicates the choice of a modelling of
the Reynolds stresses for practical three-dimensional computations.

In this work, in order to test the ability of a non-linear stress–strain relationship to
accurately predict three-dimensional flows with streamline curvature, a correction, quadratic in
the strain rate, will be added to the linear relation (7). The formulation adopted for the
Reynolds stresses must satisfy the consistency condition

t11
R +t22

R +t33
R = −2rk,

which can be satisfied by taking
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where t ij
0 is a traceless tensor. In addition, the model must be frame-indifferent, i.e. it must

have the same form whether or not the frame of reference is inertial. This can be achieved by
allowing t ij

R to depend only on the frame-indifferent parts of the tensor 9�V and its
derivatives [17].

Defining Dij as twice the main strain rate tensor (frame indifferent part of 9�V :
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the simplest quadratic formulation, that satisfies both conditions and the symmetry requisites,
can be written as
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which, as can be easily seen, corresponds to Speziale’s model without the additional term
containing the frame-indifferent part of the convective derivative of 9�V (term containing the
Oldroyd derivative).

For the turbulent flow in a rectangular duct the simplified formulation (9) still introduces the
anisotropy between the normal stresses that are necessary to produce secondary flows:
substituting V=wk into Equation (9), with k the direction of the z-axis and w the correspond-
ing velocity, the following difference between the transverse normal stresses is obtained:
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which is perfectly equivalent to the result obtained by the complete Speziale’s formulation. At
the same time, the proposed modelling fails to correctly predict the normal stresses in a fully
developed two-dimensional channel flow; in this case, supposing that the flow direction
coincides with the x-axis, the modelling (9) predicts txx

R =tyy
R , which is contradicts the

experimental observations [18].
The proposed simplified modelling (9), although obviously lacking in universality, provides

a very simple way to test the effects of the introduction of quadratic terms in the strain rate
in the formulation of the Reynolds stresses for the prediction of three-dimensional complex
flows. The constant C, on which the contribution of the non-linear part depends, will be
obtained through comparison with the experimental data available for a three-dimensional
geometry with strong streamline curvature.

4. THE SOLUTION PROCEDURE

A finite volume procedure for a collocated grid has been utilised, using a pressure correction
procedure obtained by extending the classical SIMPLE method of Patankar and Spalding [19]
to the case of generalised co-ordinates and non-staggered grid [20]. For the three Cartesian
velocity components, k, o and the pressure correction, the result of the discretisation of the
governing equations for a control volume around the generic grid node P is a discrete equation
which has the typical form

aPfP= %
K=E,W,N,S,F,B

aKfK+SP, (10)

where E, W, N, S, F, B are the surrounding nodes in the computational space.
The coefficients of the transport equations are evaluated using the first-order upwind scheme

as a convection scheme, while the contribution of higher order schemes is added to the source
term through deferred correction. All of the terms corresponding to the modelling of the
turbulent diffusion are also treated explicitly and added to the source. The values of the
diffusion and the Reynolds stresses in the grid points close to the solid walls have both been
assigned using the classical wall function approach [2].

Writing Equation (10) for all the n grid points of the domain, a linear system of n equations
is obtained for each variable. The matrix of the coefficients of such systems is not symmetric
(although symmetric in shape) and is not positive definite; although the elements of the matrix
are only non-zero in a very narrow band, the storing of the band of the matrix could be
prohibitive for three-dimensional problems of engineering interest.

In this study a conjugate gradient-like iterative solver, using a sparse column format for the
storing of the non-zero entries of the matrix, has been used. A GMRES procedure [21] has
been adopted for solution of all systems of equations, except the one obtained for the pressure
correction. In the solution of the system of equations for the pressure correction, GMRES
presents an extremely slow convergence due to the ill-conditioning of the matrix of the
coefficients. The use of a higher order scheme, in particular if used in conjunction with a
flux-limiter, appears to cause a great deterioration in the convergence of GMRES in the
solution of the pressure correction equation, so that the solver cannot guarantee an accurate
solution of the system [22]. Several preconditioning techniques (nominally: Jacoby precondi-
tioning, incomplete Cholesky factorisation, incomplete LU factorisation, truncated Neumann
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and least squares polynomial expansions) have been tested, but all have failed to produce any
improvement in the convergence of GMRES for this particular case.

Instead, a direct solver, also adopting a sparse column format for the storing of the
coefficients, has been used for the pressure correction system, thus permitting a very accurate
solution of this system (down to machine accuracy). The structure of the matrix is prepro-
cessed prior to the numerical factorisation, adopting a reordering of the row and columns
based on the multiple degree algorithm [23], which reduces the amount of fill-in created during
the factorisation. The system is then solved using the multifrontal method [24] which uses
update matrices to carry the intermediate results from the variables being eliminated to the
variables that are not yet processed. Therefore, before the elimination of a variable, update
matrices corresponding to previously eliminated variables are assembled to form the current
frontal matrix. The partial factorisation of the current frontal matrix is then carried out, and
its update matrix is generated.

The solution procedure is schematically represented in Figure 1.
It is important to note that the use of a turbulence model, which is not based on the eddy

viscosity, for the modelling of the turbulent diffusive transport causes a deterioration in the
stability of the numerical procedure.

The numerical tests show that the proposed k–o formulation introduces considerably less
numerical diffusion than the formulation based on an eddy viscosity. In particular, the
modelling (1) of the turbulent diffusion term appears to be the main cause of the excessive
diffusivity of the usual eddy viscosity formulation. As a consequence, higher order convection
schemes are more effective with the formulation proposed in this study but, on the other hand,
the procedure is less stable and could require a lowering of the underrelaxation parameters
with respect to the values used for the eddy viscosity formulation.

In addition to this problem, the balance between the implicit and explicit part of the
transport equations could be drastically modified if all of the turbulent diffusion term is
included in the source, as this term usually contributes to the coefficients of the equations.

5. THE CONVECTION SCHEME

Particular care must be given to the treatment of the convection. Note that the modelling of
the Reynolds stresses will principally affect the diffusion term in the governing equations;
therefore, the effect of the quadratic term on the diffusion, which has been introduced as a
correction to the linear formulation of the Reynolds stresses and presumably contributes less
to the turbulent diffusion term, could be hidden by the additional numerical diffusion
introduced by a low-order convection scheme, such as the first-order upwind scheme. For this
reason a higher order scheme must be used.

A third-order convection scheme (Leonard’s QUICK [25]) has been adopted in conjunction
with the solution procedure described above, for all of the transport equations (the symbols
used are defined in Figure 2):

fw=
1
2

(fC+fD)−
DjD

2

8
(fjj)C+

Dh2

24
(fhh)C+

Dz2

24
(fzz)C, (11)

where transverse terms have been introduced to take the curvature of the streamlines into
account, and Dh and Dz are the cell dimensions in the cross directions. Numerical tests have
shown an important effect of the transverse terms in the accuracy of the results. A flux limiter,
following the universal limiter constraints proposed by Gaskell and Lau [26], has been used in
conjunction with the QUICK scheme.
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Note that the grid in the computational space is chosen with a volume distribution similar
to the one in the physical space, in order to avoid large values of the metric coefficients, which
could generate higher truncation errors in the summations. Therefore, all of the derivatives
appearing in the governing equations are evaluated with non-uniform grid formulas, e.g.

(fjj)C=
2

DjD+DjC

�fD−fC

DjD

−
fC−fU

DjC

�
. (12)

Figure 1. Flowchart of the procedure.
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Figure 2. Typical control volume.

6. RESULTS OF THE NUMERICAL TESTS

The solution procedure described in the previous sections has been tested for the turbulent
water flow analysis inside a three-dimensional duct of square cross section (40×40 mm) with
a 90° bend, as illustrated in Figure 3. The geometry of the duct and the value of the inlet
velocity were the same as those used in the experimental measurements of Taylor et al. [27]. A
characteristic of the flow in this bend is the generation of strong streamwise vorticity, or
secondary motion, within the duct, which results in large redistribution of streamwise velocity.
The influence of the secondary motion on the streamwise velocity distribution is particularly
evident towards the exit of the bend, with the position of maximum velocity migrating towards
the outer wall. The experimental data for the turbulent fields show higher shear stress towards
the outer radius and large anisotropy at the exit of the bend, with high gapwise normal
Reynolds stresses near the pressure surface (outer wall) and high streamwise normal Reynolds
stresses near the suction surface (inner wall, or wall towards the centre of curvature).

Figure 3. The 90° square section bend.
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Figure 4. Isotachs of the measured values of U/Ub (top) and V/Ub (bottom), taken from Taylor et al. [27].

The duct has been discretised with a 20×20×100 grid, with the grid points close to the wall
in a complete turbulent region (y+:25 for all the walls in all the domain). The number of
points in the cross sections can be considered to be sufficient for the description of the large
secondary motions generated at the exit of the bend. The value of the underrelaxation
coefficients used is 0.1 for all of the transport equations and for the pressure correction.

All of the results presented refer to the cross section located at 0.25 hydraulic diameters
downstream of the bend exit plane, of which only half is represented, due to the spanwise
symmetry of the problem. The streamwise velocity is indicated in the figures by U and gapwise
velocity is indicated by V ; both velocities have been normalised by the bulk velocity Ub=1.002
m s−1 (corresponding to Re=40 000), and the gapwise velocity has been multiplied by a factor
of 100. The results are given as a function of the distance from the plane of symmetry
normalised by the duct half-span, z*, and of the distance from the outer wall normalised by
the duct gap, r*.

The isotachs of the measured [27] streamwise and gapwise velocities are represented in
Figure 4.

The isotachs of the values of U/Ub calculated with the non-linear modelling of the Reynolds
stresses using the QUICK scheme, for several values of the constant C, are represented in
Figure 5. For C=0.002, an increase of the velocity towards the pattern present in the
measured data is observed (line U/Ub=1.15); increasing the constant to C=0.004, both the
lines U/Ub=1.15 and 1.1 reach a position very close to the corresponding lines in the
measured data (Figure 4). A further increase of the constant to C=0.006 does not produce
additional effects. The value C=0.004 is therefore adopted; note that this value is very close
to the one proposed by Baker and Orzechowki for their model.

© 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 28: 1139–1158 (1998)



V. BOTTE ET AL.1148

Figure 5. Isotachs of the values of U/Ub calculated with the quadratic modelling of the Reynolds stresses for several
values of the constant C, using the QUICK scheme.

© 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 28: 1139–1158 (1998)
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The isotachs of the values of V/Ub calculated with the non-linear modelling of the Reynolds
stresses using the QUICK scheme, for several values of the constant C, are represented in
Figure 6. In this case the effects of the non-linear term can be clearly observed in the shape of
the line V/Ub= −10 that, for C=0.004, reaches a position very similar to the corresponding
line in the measured data. Also in this case, an increase in the value of the constant does not
produce additional effects.

If a first-order upwind scheme is used for the treatment of the convection, a small increase
in the value of the streamwise velocity is observed for the much higher value C=0.01 (Figure
7), while no effect can be observed on the gapwise velocity (Figure 8).

The results obtained using the non-linear turbulence model with C=0.004 and the three-di-
mensional QUICK scheme for the treatment of the convection will be presented below.

The streamwise velocity profiles obtained with the different methods (where the proposed
formulation is referred to as the ‘modified’ formulation), soon before and soon after the exit
of the bend, are represented in Figures 9 and 10. The profiles obtained with a linear eddy
viscosity formulation, adopting the same solution procedure and the same convection scheme,
and are also represented in these figures. The effects of the different modelling of the turbulent
diffusion term and the efficacy of the quadratic correction introduced in the Reynolds stresses
can easily be observed, particularly close to the inner wall (r*=0.9).

At the exit of the bend the non-linear model causes the movement of the position of the
minimum value of the pressure towards the plane of symmetry, while the value itself increases
in absolute value. This effect corresponds to the movement, although small, of the centre of the
secondary vortex towards the symmetry plane and an increase in the intensity of the secondary
flows, while the secondary flows in the rest of the downstream section appear to be unaffected
(Figure 11).

The comparison with the available measured data also shows an improvement in the
prediction of the pressure field, as can be observed in Figures 12 and 13, where both
streamwise and gapwise distributions of the non-dimensional pressure coefficient Cp, defined
as

Cp=
P−Pref
1
2(rUb

2)
,

where Pref is the pressure at the bend entry on the wall of the suction side of the bend in the
plane of symmetry, are represented for the pressure side of the bend.

The authors do not have the computer power to considerably increase the size of the grid,
as necessary to study the grid independence of the solution with the presented algorithm, but
the use of a higher order scheme, such as Equation (11), should drastically reduce such a
dependence. Tamamidis and Assanis [28] have studied the effects of higher order schemes on
the prediction of the laminar and turbulent flow in the same 90° bend, using a linear eddy
viscosity formulation. They have shown that grid independence is actually obtained in this case
using either a third- or fifth-order one-dimensional convection scheme with a similar number
of points in the cross sections (22×22).

Figure 14 shows the convergence history of the maximum value of the mass unbalance for
both convection schemes. The effect of the accurate solution of the pressure correction
equation can be seen in the rapid drop of the mass unbalance, that decreases by several orders
of magnitude in less than 100 steps. The oscillatory behaviour of the results obtained with the
QUICK scheme is due to the use of the flux limiter, which also affects the minimum value of
residuals achievable by the procedure. The residuals of the transport equations follow an
identical pattern.

© 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 28: 1139–1158 (1998)
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Figure 6. Isotachs of the values of V/Ub calculated with the quadratic modelling of the Reynolds stresses for several
values of the constant C, using the QUICK scheme.
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Figure 7. Isotachs of the values of U/Ub calculated with the quadratic modelling of the Reynolds stresses for two
values of the constant C, using the first-order upwind scheme.

Figure 8. Isotachs of the values of V/Ub calculated with the quadratic modelling of the Reynolds stresses for two
values of the constant C, using the first-order upwind scheme.

© 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 28: 1139–1158 (1998)
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Figure 9. Comparison with the measured data of the streamwise velocity profiles calculated with the different
formulations using the QUICK scheme, at 77.5° from the bend entry plane.

Finally, an indication of the CPU time and memory locations required by the procedure is
given in Tables I and II. As could be expected, the direct solver severely affects both the CPU
time and the memory needed by the procedure.

7. CONCLUSIONS

A modified k–o method, based on a more accurate modelling of the diffusion term, has been
tested on a three-dimensional case in conjunction with a non-linear modelling of the Reynolds
stresses. The results presented show that the introduction of a quadratic term in the modelling
of the Reynolds stresses delivers a much more accurate prediction of the flow, both for the
velocity and the static pressure.

Figure 10. Comparison with the measured data of the streamwise velocity profiles calculated with the different
formulations using the QUICK scheme, at 0.25 hydraulic diameters downstream of the bend exit plane.

© 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 28: 1139–1158 (1998)
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Figure 11. Secondary flows at the exit of the bend calculated using the linear modelling of the Reynolds stresses (top)
and the quadratic modelling (bottom).

Although the results presented for the 90° bend show that the simple quadratic correction
introduced in the modelling of the Reynolds stresses allows a very close prediction of the
streamwise velocity profiles, therefore contributing positively to the resolution of both the
anisotropy in the turbulence introduced by the bend and the effects of streamline curvature on
the stresses, with difficulty, the proposed modelling (9) can be seen as an universal formulation
for the Reynolds stresses, while the modelling constant C cannot be defined by this single test
alone.

© 1998 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 28: 1139–1158 (1998)
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Figure 12. Gapwise distribution of the pressure coefficient Cp on the wall on the pressure side of the bend, as function
of the distance from the symmetry plane normalised by the duct half-span, at the bend exit plane.

It is interesting to note that increasing the value of the constant C, even doubling it, shows
no difference in the results, while much higher values of C cause the complete divergence of the
procedure. At the same time, a comparison with some of the other non-linear models proposed
in the literature seems to suggest a much higher value of the modelling constant than the one
used in the previous section.

As the introduction of additional terms in the modelling of the Reynolds stresses appears to
cause a further deterioration in the stability of the procedure, the authors believe that, for
three-dimensional applications, the choice of the formulation for the Reynolds stresses should
also be made on the basis of considerations of stability and ‘practicality’. Convergence with

Figure 13. Streamwise distribution of Cp on the wall on the pressure side of the bend at 0.7 half-span from the
symmetry plane.
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Figure 14. Convergence history of the procedure for the two convection schemes.

Reynolds stresses formulations designed to represent a large number of more or less complex
flows could prove to be impossible for same case, while the introduction of simple ad hoc
corrections, as in this study, could lead to a sharp improvement in the prediction without an
excessive computational cost.

Table I. CPU time for a single step of the procedure (Cray J-90)

Time PercentageSubroutine
(s) (%)

Total time for one step 40
31.1Solution of the pressure correction equation 77

Solution of all the transport equations 2.6 6.6
Evaluation of turbulent diffusion term for k 0.22 0.55

0.05Evaluation of turbulent diffusion term for o 0.12
High-order scheme 0.11 0.28

0.27Flux limiter 0.67

Table II. Memory locations required by the procedure

Memory Percentage
(%)locations

:10 · 106Total
:11 · 106 68Direct solver
:2.4 · 106Metric coefficients and geom. quant. 15

All variables and Reynolds stresses :5.2 · 106 3
Coefficients, values of the variables in the comp. space, on the cell :1.6 · 106 10

faces, etc.
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Furthermore, as has been partially seen in this study, numerical diffusion plays an important
role in the choice of the modelling constant; some of the values obtained in the previous works
through computer optimisation could therefore depend on the convection scheme adopted,
while the values proposed for stress–strain relationships calibrated through eddy viscosity
formulations could be severely affected by the excessive numerical diffusions introduced by the
simplified modelling of the turbulent diffusion term, as in Equation (1). It is clear that there
is much more work to be done in this field.

In the form presented for the modified k–o method, any modelling of the Reynolds stresses
can be directly adopted in a completely general formulation, while keeping the simple
formulation of the standard k–o method. The formulation presented is effectively an attractive
alternative to second-order closure methods, that require a much larger computational effort,
while, in respect to non-linear eddy viscosity methods, it provides a better modelling of the
turbulent diffusion and a more direct way of adopting different modellings of the Reynolds
stresses.

For practical three-dimensional computations the proposed formulation can be written as a
correction to a linear eddy viscosity formulation, e.g. for the k equation

1
J
(

(jr

(rUrk)=
1
J
(

(jr

�
J
�

m+
mt

sk

�
grs (k
(js

n
+G−ro

+
1
J
(

(jr

�
JCs

k
ro

(jr

(xj

�
t il

R (js

(xl

(t ij
R

(js

−rt jl
R (js

(xl

(k
(js

�
−J

mt

sk

grs (k
(js

n
, (13)

where the last term, representing the correction, is added in the source. In this form the
proposed formulation can easily be included as an additional source term in existing three-di-
mensional codes.

It is useful to point out that, although presented for a relatively simple case, the main area
of application of this method by the authors is the prediction of the turbulent flow field in
rotating turbomachinery passages, such as centrifugal pumps and compressors. Written in the
form of Equation (13) the proposed method appears to be sufficiently stable to guarantee
convergence for most turbomachinery applications, and is currently being used for computa-
tions of engineering interest.

APPENDIX A. NOMENCLATURE

pressure coefficientCp

turbulence modelling constantsCm, Cs, Co,
Co1, Co2, C
Dij twice the mean strain rate tensor= ((ui/(xj)+((uj/(xi)
grs metric coefficients= ((jr/(xi)((js/(xi)
G production of k

JacobianJ
turbulent kinetic energyk
direction of the z-axisk

P static pressure; also: node at the centre of the control volume
normalised distance from the outer wall of the bendr*

SP source term in the system of linear equations
ui, u, 6, w mean Cartesian velocity components
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u %i fluctuating Cartesian velocity components
Ui, U, V, W contravariant velocity components, Ui=J((ji/(xj)uj ; also: U=streamwise

velocity, V=gapwise velocity
bulk velocityUb

V mean Cartesian velocity vector
Cartesian co-ordinatesxi, x, y, z
normalised distance from the plane of symmetry of the bendz*

Greek letters

aK coefficient of the discretised transport equation
dij Kroneker’s delta

distance between grid points in the j-directionDjC, DjD

Dh, Dz cell dimension in the h- and z-directions
o dissipation rate of k
m molecular viscosity

eddy viscositymt

ji, j, h, z curvilinear (or generalised) co-ordinates
r density
sf turbulent Prandtl number for the variable f

t ij
R Reynolds stress tensor=ru %i u %j

Subscripts

C node upstream of the cell face
D node downstream of the node C
e east face of the control volume
P node at the centre of the control volumes

node upstream of the node CU
w west face of the control volume

nodes preceding and following the node P in the j-, h- and z-directionsW, E, S, N,
F, B
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